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Introduction
Hollow-core photonic crystal fibers (HC-PCFs) continue to demonstrate their enormous potential for developing novel photonic devices for different optical applications [1, 2] . HC-PCFs with Kagome-style cladding structure have granted unprecedented strong interactions between light and gaseous media over relatively-long propagation distances with low transmission losses and pressure-tunable dispersion in the visible region [3, 4] . Within approximately a decade of the invention of the HC-PCF, exceptional nonlinear phenomena and applications have been demonstrated and predicted in these kind of fibers such as Stokes generation with drastical reduction in the Raman threshold [5] , high harmonic generation [6] , efficient deep-ultraviolet radiation [7] , ionization-induced soliton self-frequency blueshift [8] [9] [10] [11] , strong asymmetrical self-phase modulation, universal modulational instability [12] , and built-in parity-time symmetry [13] .
The Raman effect is one of the earliest and most fundamental effects in nonlinear optics. When a pulse propagates inside a nonlinear medium, it excites optical phonons, leading to a plethora of phenomena, such as the generation of Stokes and anti-Stokes sidebands for long input pulses, and to an intense redshift for short pulses. The Raman effect has been successfully used to enhance the bandwidth of the output spectra during the supercontinuum generation, a dramatic spectral broadening due to the interaction of optical solitons, typically observed in solid-core optical fibers, and very recently in gas-filled HC-PCFs [14] .
Stimulated Raman scattering processes in gases are characterized by a very long molecular coherence relaxation (dephasing) time, of the order of hundreds of picoseconds or more [14] , which should be compared to the short relaxation time of phonon oscillations in silica glass (approx. 32 fs). Within this long relaxation phase, the medium exhibits a highly non-instantaneous response to pulsed excitations. Nonlinear interactions between optical pulses and Raman-active gases have been suggested and exploited mainly in the synthesis of subfemtosecond pulses using different techniques [15] [16] [17] [18] [19] . In addition, continuous down-shift of the frequency of an ultrashort pulse [20] , and optical modulation of a continuous wave laser have been demonstrated [21] due to these interactions. Recently, some of the current authors have used the interaction of an ultrashort pulse with a hydrogen-filled HC-PCF to generate a supercontinuum extending from near infrared (1200 nm) to vacuum ultraviolet (124 nm) [14] . In the impulsive excitation regime, when the temporal pulse width is shorter than the Raman oscillation period of the gas, a sinusoidal temporal modulation of the medium refractive index lagging a pump source has been observed experimentally [18, 20, 22] . This modulation can be detected via launching a delayed weak probe within the dephasing time.
In this paper, we analyze the propagation of two temporally separated pulses in HC-PCFs filled with Raman-active gases. By investigating the effect of the Raman polarization induced by a pump pulse in the impulsive excitation regime, we demonstrate a perfect analogy between the spatiotemporal dynamics of a delayed probe and several phenomena observed in condensed matter physics, such as the Wannier-Stark ladder [23], Bloch oscillations [24] and Zener tunneling [25] . Although these effects have been previously observed in optics using periodic complex microstructures [26-29], our system is distinguished by the natural occurrence of a temporal periodic crystal via Raman excitation.
Governing equations for Raman media
Let us consider the propagation of an ultrashort pulse in a HC-PCF filled with a Raman-active gas. The medium response is described by its total polarization, which is a sum of the linear, Kerr, and Raman polarizations. Ionization-induced plasma generation is neglected, as we assume that the pulse intensity is smaller than the gas ionization threshold. Assuming that only one Raman mode is excited (either the vibrational or rotational one), the dynamics of the Raman polarization (also called coherence) P R can be determined by solving the Bloch equations for a two-level system [19, 30] ,
where w = ρ 22 − ρ 11 is the population inversion between the excited and ground states, t is the time variable, α i j and ρ i j are the elements of the 2 × 2 polarizability and density matrices, respectively, E is the real electric field, ω R is the Raman frequency of the transition, N 0 is the molecular number density, T 1 and T 2 are the population and polarization relaxation times, respectively, andh is the reduced Planck's constant. Finally we have P R ≈ [α 12 (ρ 12 + ρ * 12 ) + α 11 ρ 11 + α 22 ρ 22 ] N 0 E, assuming that initially all the molecules are in the ground state. In the regime where the slowly varying envelope approximation (SVEA) is valid, the electric field can be expressed as
, where ω 0 is the pulse central frequency, β 0 is the propagation constant calculated at ω 0 , z is the longitudinal coordinate along the fiber, A is the complex envelope, and c.c. denotes the complex conjugate. We first introduce the following new variables:
where β 2 is the second-order dispersion coefficient, γ is the nonlinear Kerr coefficient in the unit of W −1 m −1 , χ (3) is the third-order nonlinearity, p is the pressure, p o is atmospheric pressure, T is the temperature, T o = 273.15 K, c is the speed of light, ε 0 is the vacuum permittivity, A eff is the effective area of the fundamental mode, and t 0 is the pulse duration. By using the SVEA, one can derive the following set of normalized coupled equations, i∂ ξ +D(i∂ τ ) + |ψ| 2 + η Re (ρ 12 ) ψ = 0,
whereD(i∂ τ ) = z 0 ∑ m≥1 β m (i∂ τ ) m /t m 0 /m! is the full dispersion operator, β m is the mth order dispersion coefficient calculated at ω 0 , η = z 0 /z 1 , z 1 = c ε 0 / (α 12 N 0 ω 0 ) is the nonlinear Raman length, µ = P 0 /P 1 , P 0 = A 2 0 , P 1 = 2h c ε 0 A eff / (α 12 t 0 ), δ = ω R t 0 , and Re, Im represent the real and imaginary parts. In the derivation of Eq. (2), we have neglected the self-steepening effect, assumed that |w| |ρ 12 |, and the population inversion is weak, i.e. ρ 11 ≈ 1, and ρ 22 ≈ 0. These assumptions are physically realistic in gaseous Raman media under few-µJ input-pulse excitation. By comparing the outcomes of single pulse propagation in HC-PCFs filled by Ramanactive gases, using our model and another full model based on the unidirectional pulse propagation equation that is not based on SVEA [14, 31], very good qualitative agreements, featured in obtaining the wiggled dispersive waves [32] , between the two outputs have been obtained. It is worth also to note that the main condition ω 0 t 0 1 for the use of the SVEA [33] is satisfied in the simulations presented in this paper. Fig. 1 . Temporal evolution of an accelerated oscillating Raman polarization with period Λ = 56.7 fs induced by a propagating fundamental soliton with an amplitude V 1 = 1.33, a central wavelength 1064 nm, and a FWHM 15 fs in a H 2 -filled HC-PCF with a Kagomelattice cross section, a flat-to-flat core diameter 18 µm, a zero dispersion wavelength 413 nm, a gas pressure 7 bar, and a rotational Raman frequency ω R = 17.6 THz. The dashed yellow line represents the temporal evolution of the soliton that excites the coherence wave. The simulation parameters are γ = 7.07 × 10 −6 W −1 m −1 , β 2 = −3425.5 fs 2 /m, A eff = 134 µm 2 , α 12 = 0.8 × 10 −41 C m 2 /V [14, 34], and t 0 = 11.34 fs. The parameter γ is calculated using the nonlinear susceptibility of H 2 [35] . For these parameters, we have found that higher-order dispersion and self steepening effects have a weak influence on the soliton dynamics. All subsequent calculations in this paper are based on these values.
For instance, T 1 ≈ 20 ns and T 2 = 433 ps for excited rotational Raman in hydrogen under gas pressure 7 bar at room temperature [14, 36] . This amazingly long relaxation times are a crucial and quite unique feature of gaseous Raman systems, which we use to the full in the present paper. We have also found that the population inversion is almost unchanged from its initial value for pulses with energies in the order of few µJ, i.e. w (τ) ≈ w (−∞) = −1. Hence, the set of the governing equations Eq. (2) can be reduced to a single generalized nonlinear Schrödinger equation,
where
dτ is the resulting Raman convolution, and κ = η µ is the ratio between the Raman and the Kerr nonlinearities. Pumping in the deep anomalous dispersion regime (β 2 < 0) is assumed, hence, higher-order dispersion coefficients β m>2 can be neglected, so that the generation of dispersive waves is strongly reduced. For ultrashort pulses with duration t 0 1/ω R , sin [δ (τ − τ )] can be expanded around the temporal location of the pulse peak by using a Taylor expansion. For instance, a fundamental soliton with amplitude V and centered at τ = 0 will induce a Raman contribution in the form of R (τ) ≈ κV sin (δ τ) [1 + tanh (V τ)] at the zeroth-order approximation. Hence, this soliton will generate a retarded sinusoidal Raman polarization that can impact the dynamics of the other trailing probe pulse lagging behind the pump pulse, see Fig. 1 . On the other hand, for t 0 1/ω R , R (τ) ≈ γ R |ψ (τ)| 2 with γ R = κ/δ , i.e the Raman nonlinearity is considered to be instantaneous. So, the Raman contribution would induce an effective Kerr nonlinearity that is significant, and can compete directly with the intrinsic Kerr nonlinearity of the gas [14, 37] .
Pump solution-In the following, we will focus on two different pulses that are not overlapped in time, and separated by a delay T 1 , T 2 in the deep anomalous dispersion regime. The leading pulse is an ultrashort strong 'pump' pulse ψ 1 with t 0 1/ω R , while the trailing pulse is a weak 'probe' pulse ψ 2 with negligible nonlinearity. In this case, Eq. (3) can be used to determine the pump solution. For weak Raman nonlinearity, the solution of Eq. (3) can be assumed to be a fundamental soliton that is perturbed by the Raman polarization, i.e.
where u 1 = β 11 z 0 /t 0 , β 11 is the first-order dispersion coefficient of the pump, V 1 , Ω 1 , andτ 1 are the soliton amplitude, central frequency, and position of its peak, respectively. We will launch this soliton as a pump withτ 1 (0) = 0. Using the variational perturbation method [33] and zeroth-order Taylor approximation, we have found that this soliton is linearly redshifting in the frequency domain with rate g 1 = 1 2 κπδ 2 csch (πδ /2V 1 ), and decelerating in the time domain, i.e. Ω 1 = −g 1 ξ , andτ 1 = g 1 ξ 2 /2. In the case t 0 < 1/ω R , we have found that a factor of ≈ 1 2 might be used to correct the overestimated value of g 1 , resulting from using the zeroth-order approximation.
Governing equation for the probe
When a second weak probe pulse is sent after the leading pump soliton described in the previous section, the probe evolution is ruled by the equation
where u 2 = β 12 z 0 /t 0 , m = |β 21 | / |β 22 |, β 1 j and β 2 j are the first and the second order dispersion coefficients of the j th pulse with j = 1, 2. Going to the reference frame of the leading decelerating soliton,τ = τ − u 1 ξ − g 1 ξ 2 /2, and applying a generalized form of the Gagnon-Bélanger phase transformation
This equation is the exact analogue of the time-dependent Schrödinger equation of an electron in a periodic crystal in the presence of an external electric field. In Eq. (5) time and space are swapped with respect to the condensed matter physics system, as usual in optics, and we deal with a spatial-dependent Schrödinger equation of a single particle 'probe' with mass m in a temporal crystal with a periodic potential U = −2κV 1 sin (δτ) in the presence of a constant force −g 1 in the positive-delay direction. The 'artificial electric field' g 1 is not independent from the depth of the periodic potential 2κV 1 . The leading soliton excites a sinusoidal Raman oscillation that forms a periodic structure in the reference frame of the soliton. Due to soliton acceleration induced by the strong spectral redshift, a constant force is applied on this structure. Wannier-Stark ladder-As a practical example, let us consider the propagation of an ultrashort soliton with FWHM 15 fs in a H 2 -filled HC-PCF with a Kagome lattice. The validity of the SVEA is maintained along the fiber, since the soliton does not suffer pulse compression and tends to preserve its shape during propagation. The assumptions of having weak higher-order dispersion coefficients and self-steepening effects have been checked. Also, the role of the vibrational Raman excitation with an oscillation 7 fs is modifying the Kerr nonlinearity. Exciting the rotational Raman shift frequency in the fiber via this soliton will induce a long-lived trailing temporal periodic crystal with a lattice constant Λ = 56.7 fs, corresponding to the time required by the H 2 molecule to complete one cycle of rotation, see Fig. 1 . In the absence of the applied force, the solutions are the Bloch modes, while in the presence of the applied force, the periodic potential is tilted, and the eigenstates of the system are the Wannier functions portrayed as a 2D color plot in Fig. 2 , where the horizontal axis is the time and the vertical axis is the corresponding eigenvalue. These functions are modified Airy beams that have strong or weak oscillating decaying tails. After an eigenvalue step g 1 Λ, the eigenstates are repeated, but shifted by Λ, forming the Wannier-Stark ladder. As shown, each potential minimum can allow a single localized state with very weak tails. A large number of delocalized modes with long and strong tails exist between the localized states.
Bloch oscillations and Zener tunneling-An arbitrary weak probe following the soliton will be decomposed into the Wannier modes of the periodic temporal crystal. Due to beating between similar eigenstates in different potential wells, Bloch oscillations arise with a period δ /g 1 , while beating between different eigenstates in the same potential minimum can result in intrawell oscillations. In our case we did not observe in the simulations the latter kind of beating, since only a single eigenstate is allowed within each well. Interference between modes lying between different wells are responsible for Zener tunneling that allows transitions between different wells (or bands). In the absence of the applied force (g 1 = 0), the band structure of the periodic medium can be constructed by plotting the propagation constants of the Bloch modes over the first Brillouin zone [−δ /2, δ /2], as shown in Fig. 3(a) . Zener tunneling occurs when a particle transits from the lowest band to the next-higher band. The evolution of a delayed probe in the form of the first Bloch mode inside a H 2 -filled HC-PCF under the influence of the pump-induced temporal periodic crystal, is depicted in Fig. 3(b) . Portions of the probe are localized in different temporal wells. Bloch oscillations are also shown with period 34.7 cm, which correspond to the beating between localized modes in adjacent wells. After each half of this period, an accelerated radiation to the left due to Zener tunneling is also emitted. The Zener tunneling is dominant, and the Bloch oscillations are weak, because the potential wells are relatively far from each other. Hence, the overlapping between the localized modes are small, consistent with the shallowness of the first band in the periodic limit (absence of the applied force).
Conclusions
From the Maxwell-Bloch equations we have derived a model based on the slowly varying approximation that is convenient for investigating pulse propagation in HC-PCFs filled by Ramanactive gases.We have specialized the model to study the propagation of two pulses that do not temporally overlap and are separated by a time delay smaller than the Raman polarization dephasing time (∼ 100 ps). The leading pulse is an ultrashort strong soliton acting as a pump that experiences a linear redshift and deceleration due to Raman nonlinearity. Closed forms of the pump temporal and spectral dynamics have been obtained. The induced-Raman excitation creates a temporal crystal susceptible to a constant force due to the soliton acceleration. If the trailing pulse is assumed to be a weak probe, the problem is reduced to the motion of a particle in a periodic crystal subject to an external force. Phenomena such as Wannier-stark ladder, Bloch oscillations, and Zener tunneling have been demonstrated by simulations. Our results open new research pathways between nonlinear photonics and condensed-matter physics that will bear fruits not only for fundamental science but also for the conception of novel devices.
